Liquid droplets flowing through a rectangular microfluidic channel develop a vortical flow field due to the presence of shear forces from the surrounding fluid. In this paper, we present an experimental and computational study of droplet velocities and internal flow patterns in a rectangular pressure-driven flow for droplet diameters ranging from 0.1 to 2 times the channel height. Our study shows excellent agreement with asymptotic predictions of droplet and interfacial velocities for infinitesimally small droplets. As the droplet diameter nears the size of the channel height, the droplet velocity slows significantly, and the changing external flow field causes a qualitative change in the location of internal vortices. This behavior is relevant for future studies of mass transfer in microfluidic devices. C 2014 AIP Publishing LLC.
INTRODUCTION
Droplet motion and circulation in confined geometries, such as Hele-Shaw channels, are relevant for many applications. For example, microfluidic devices have been used as tools to probe the effects of surfactants on droplet interfaces by observing the interior flow of the droplet using particle image velocimetry.
1, 2 By comparing experimental observations to theoretical predictions of the droplet flow, information pertaining to the slip at the liquid-liquid interface and Marangoni stresses can be elucidated. Enhancement of mixing in microfluidic channels has also become important for labon-a-chip devices.
3, 4 Novel particle shapes and structures are being created by modifying droplet mixing, where vortices or core-shell shapes formed in droplets of liquid monomers are locked in place through polymerization to make functional particles. [5] [6] [7] Finally, microfluidic devices are also being used as high-shear environments to observe liquid-liquid extraction. [8] [9] [10] These devices provide controlled environments where reaction kinetics, interfacial effects, and limiting factors for mass transfer can be identified outside of a large reactor.
In the case of droplets moving in a two-dimensional Poiseuille flow (as in a Hele-Shaw cell), circulation within the droplet is driven by a mismatch between the mean velocity of the droplet and the velocity of the continuous fluid. Nadim and Stone 11 and others [12] [13] [14] have modeled the velocity of droplets in Poiseuille flow in rectangular channels for droplet diameters much less than the channel depth. A small droplet moving along the centerline of the channel has a velocity that approximately matches the maximum velocity of the continuous fluid. As the droplet diameter increases, it is influenced by a greater cross-section of the flow, including the slower fluid near the walls. This causes a large droplet to move more slowly than a smaller droplet and also more slowly than the continuous fluid. Thus, a large droplet in Poiseuille flow experiences shear from the fastermoving continuous fluid at the centerline of the channel as well as shear imposed by both channel walls.
The shear imposed on such a droplet drives a fountain-flow-like circulation pattern within the droplet. A pair of vortices is driven by the drag of the top and bottom of the channel, with the axis of the vortex lying perpendicular to the walls, along the y-axis. In the reference frame of the droplet, the channel walls move opposite the droplet motion, dragging the fluid at the droplet interface and nearest the walls with it. Conservation of mass dictates that this fluid must return to the front of the droplet in a path down the droplet center towards its front. This creates a fountain-flow appearance in the vertical plane. This fountain-flow pattern has been described in detail by others, 11, 13, 14 and is illustrated in Figure 1 .
If the channel geometry is a wide Hele-Shaw slit, vortices are only apparent along the horizontal y-axis because there are no velocity gradients in the y-direction, where the x-direction is defined as the flow direction, the z-direction is perpendicular to the microfluidic chip, and the y-direction is normal to both the x-and z-directions (Figure 1 ). However, in a unique case, Lee et al. 15 observed recirculation patterns in a large droplet containing surfactant that was anchored to be stationary in a Hele-Shaw cell. In this case, they observed a vortex along the vertical z-axis with a rotational speed that scaled linearly with the velocity of the continuous liquid. This vortex is driven by the continuous fluid flowing around the outside of the droplet. A horizontal vortex is also apparent concomitant with a vertical vortex if the channel cross section is square, due to the symmetry between the horizontal and vertical planes, with the side walls providing shear identical to the top walls. Additionally, researchers have used particle image velocimetry and other methods to image the described pattern in the specialized case of slug flow, where the droplet completely fills the channel. [16] [17] [18] [19] [20] Simulations of confined cases have also been performed. 17, [21] [22] [23] [24] [25] Although rectangular channels of finite widths are common in microfluidic devices, less attention has been paid to droplet motion and fountain flow patterns for large, confined droplets in these channels. Here, the flow-focusing channel geometry shown in Figure 2 is of interest. In this channel, droplets are produced that have large diameters with respect to the channel depth. In certain cases, the droplets overfill the channel, with diameters that are larger than the channel depth. For this channel to be used as a controlled environment for understanding liquid-liquid extraction, it is important to understand the expected velocity of such droplets in the channel, as well as the fluid circulation patterns that are driven in the droplet fluid. These parameters are experimentally measured for various flow rates and droplet sizes. Numerical simulations are also performed in order to understand the flow inside and outside of the droplet. Finally, surface active tri-n-butyl phosphate (TBP) is added to the continuous fluid in order to determine whether it affects the interface mobility and flow within the droplet in a measurable way. This information will be used in future studies to gain information about liquid-liquid extraction in a centrifugal contactor. 
METHODS

Droplet production and flow visualization
Homogeneous droplets were produced in a flow-focusing microfluidic device 27, 28 shown in Figure 2 . Glass chips were purchased from Translume (Ann Arbor, MI), and were made hydrophobic using a 2 vol.% octadecyltrichlorosilane (OTS) (Sigma-Aldrich, St. Louis, MO, >90% pure) in hexadecane (Sigma-Aldrich, St. Louis, MO, >90%) wash as described in Ref. 29 . Chip orifice widths were 50 μm and 100 μm, and the chip depth was 100 μm. The outlet channel had a width of 500 μm.
The droplet fluid is water that is purified using a Milli-Q purification system. A small amount (0.015 vol.%) of 1 μm diameter red polystyrene particles (Fluoro-max, Thermo Scientific, Waltham, MA) are added as tracer particles. The continuous fluid is dodecane (Sigma-Aldrich, St. Louis, MO, >99% pure). This fluid pairing gives a dynamic viscosity ratio (λ = μ outer /μ droplet ) of 0.74. The surface tension of the water containing particles in dodecane was measured using the pendant drop method to be 20 dyne/cm. Surfactant was used in the production of the polystyrene tracer particles which explains why the measured surface tension is much lower than would be expected for a pure water/dodecane system. Concentrations of 0.1 M tri-n-butyl phosphate (TBP, Sigma-Aldrich, St. Louis, MO, >90% pure) and 0.2 M thenolyltrifluoroacetone (HTTA, Sigma-Aldrich, >99% pure) are also added to the dodecane fluid to determine their effects on the droplet circulation. Flow rates are specified using syringe pumps (Harvard Apparatus, PhD 22/2000, Holliston, MA), which were calibrated gravimetrically using a balance (Mettler Toledo, XS1003S, Columbus, OH). Droplet production in a similar system was discussed previously, 29 including control of size and frequency of droplets. In flow focusing geometries, droplet size is dictated by the orifice size as well as the fluid flow rates and viscosity.
Flow is visualized using an inverted microscope (Leica DM IRB, Germany), and recorded using a high speed CCD camera (Phantom v 9.1, Vision Research, Wayne, NJ), with frame rates as high as 5000 frames per second. Distances are calibrated using Klarmann Rulings, Inc (Litchfield, NH) KR-868 reticules. Trajectories of the tracer particles are inferred using a particle tracking routine 30 adapted by Blair and Dufresne for MATLAB. 31 Using this setup and technique, two-dimensional flow in a 15 μm thick horizontal plane of the chip can be visualized. By changing the focal plane, a picture of the three-dimensional flow can be created.
Numerical simulations
Two-phase flow of droplets in a rectangular channel is simulated using an Arbitrary LagrangianEulerian (ALE) moving mesh method implemented in the Multimechanics module of the Sierra code suite. 32 The ALE method in Sierra/Multimechanics uses a Galerkin Finite Element Method (FEM) formulation with a mini-element interpolation for the momentum equations and linear basis functions for the continuity and mesh equations, 33 all on tetrahedral elements. The mini-element always has consistent velocity with lower order pressure, thus satisfying the Ladyzenskaja-BabuskaBrezzi (LBB) condition, but also is numerically stable, without requiring an additional stabilization technique, such as a pressure-stabilizing/Petrov-Galerkin (PSPG) stabilization. The nonlinear system is solved using fully-coupled (monolithic) Newton iterations, and the linear system is solved using GMRES with incomplete LU decomposition with threshold preconditioning (ILUT), deployed from the third-party library Trilinos. 34 For more information on the model implementation, see Ref. 32 as well as a similar scheme described by Cairncross et al. 35 In order to replicate the experimental setup described above, the simulation consisted of a rectangular channel 100 μm deep, 300 μm wide, and 500 μm long. A droplet is initially placed in the center of this channel with a specified initial diameter. As in the experiments, the droplet fluid is water and the continuous fluid is dodecane, giving a viscosity ratio λ = 0.74. The surface tension is σ = 20 dyne/cm. The flow is driven by a pressure gradient applied between the inlet and outlet surfaces applied using a weak open-flow, fully developed boundary condition. 32 The ALE method that is used in these simulations requires that the mesh deform with the droplet motion, as the nodes that are originally on the droplet interface must remain on the interface. As the droplet moves down the channel, however, the mesh deforms significantly and can quickly become tangled, causing the simulation to fail to converge. To overcome this, we choose to run the simulation in the reference frame of the droplet, such that the droplet is stationary and the channel walls move backwards to account for the net droplet movement. Since the net droplet velocity, and therefore the required speed of the channel walls, is not known a priori, a boundary condition on the wall velocity is created implementing a proportional-integral-derivative (PID) controller. This PID boundary condition first determines the droplet velocity and displacement, and then calculates the wall velocity that is necessary to keep the droplet stationary. This controller leads to the oscillatory behavior seen in Figure 3 and requires tuning parameters for expedient convergence. Standard control theory is used to set these parameters. As long as the controller converges to a steady-state solution, the controller parameters do not affect the simulation results, only the amount of simulation time necessary to obtain the steady-state solution.
Full three-dimensional simulations of the droplet motion allow a thorough investigation of the flow field both inside and outside of the droplet. Specifically, simulations can yield an understanding of the location of vortices that are present in the droplet, as visualized in Figure 4 . Simulations can also be used to determine the velocities at the droplet interface, shown in Figure 6 , which are reported by Nadim and Stone 11 and Hudson.
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Unless otherwise specified, all simulated velocities are presented in the reference frame of the droplet, with a positive velocity representing flow in the direction of the droplet motion. In the following results of both the experiments and the simulations, we will refer to the plane normal to the z-axis as the "horizontal" plane, as in the experimental setup it was parallel to the ground. Alternatively, the plane normal to the y-axis is referred to as the "vertical" plane. In the following discussion, we compare the results of the experiments previously described (referred to as "experiments") to the results of the ALE finite element method simulations (referred to as "simulations"). When appropriate, these results are compared with the analytical asymptotic analysis of Nadim and Stone 11 (referred to as "analytical").
RESULTS AND DISCUSSION
Droplet velocity
In order to understand the velocities and vortical nature of the circulation within the droplet, first the net droplet velocity with respect to the channel walls must be characterized, along with the velocity of the continuous flow. This then defines the shear environment that a droplet is exposed to in the channel. By experimentally tracking micron-sized particles introduced into the flow in a microfluidic chip containing only the continuous fluid, the fluid streamlines were confirmed to be consistent with the expected Poiseuille flow through a rectangular channel. 36 The expected maximum velocity in the Poiseuille flow, V max , was verified for total fluid velocities up to V max = 40 mm/s. In subsequent experiments containing droplets, the unperturbed maximum velocity was inferred from this continuous fluid case. Poiseuille flow for a single fluid was also confirmed in the simulations.
When droplets are introduced into the flow, experimentally observed droplet velocities, V d , matched the Nadim and Stone 11 predictions well for droplet diameters, D, ranging from 0.5 to 0.8 times the channel height, h ( Figure 5 ). As the droplet diameter increases, the measured droplet velocity diverges from the analytically predicted speeds. This is understandable because the Nadim and Stone 11 solution is an asymptotic solution that assumes that the droplet smaller than the channel depth. This asymptotic solution neglects wall effects, deviations of the droplet shape from spherical, and disturbances to the basic flow of the continuous fluid. Thus, the analytical solution does not accurately predict the velocity of large droplets in rectangular channels and should only be considered representative for D < h. This regime is depicted by the schematic in the lower-left of Figure 5 , showing a small droplet.
Because of the insufficiency of the analytical solution for large droplets, the experimental measurements were compared with the simulation results, also shown in Figure 5 . These simulations correctly account for the effects experienced by large droplets where the droplet more significantly perturbs the Poiseuille flow of the outer fluid. The droplet speeds predicted by the simulations are consistent with those experimentally determined for larger droplets, up to diameter-to-height ratios of 0.97. This regime is shown by the middle schematic in Figure 5 , depicting a droplet that nearly fills the channel.
Droplets were also experimentally made which fill or overfill the channel. In this case, the droplets deform significantly from spherical, looking more like an oblate spheroid. The size of these droplets is quantified by their apparent diameter in the horizontal z-plane, within which they appear circular. In this case, only a small lubricating layer of continuous fluid separates the droplet from the channel walls creating substantial drag on the droplet. drag drastically slows droplets with diameters equal to or greater than the channel height. When the droplet diameters are 1.5-2 times the channel height, the velocity asymptotes to a value that is approximately half of the average continuous fluid velocity. This limiting velocity for very large droplets is insensitive to the droplet size and is governed by the viscosity of both fluids and the surface tension. We were unable to perform simulations using the FEM method in this regime of droplet sizes due to the challenges associated with the extreme deformation of the droplet and also accurately resolving the very thin lubrication layer between the droplet and the channel.
Droplet circulation
Because the continuous fluid is moving with a Poiseuille flow, the droplet moves with a velocity less than the maximum channel velocity and experiences a variety of shear forces as the continuous fluid moves past the droplet. When the droplets become much larger, they are also influenced by the presence of the channel walls, causing additional shear. These sources of drag set up a circulation pattern within the droplet.
For droplets much smaller than the channel depth, the circulation velocity is quantified using asymptotic analysis. 11, 13 The circulation is reported using three velocities: V O , which is the centerline velocity in the middle of the droplet, V Y , which is the velocity at the interface of the droplet halfway through the depth of the droplet, and V X , which is the velocity at the top of the droplet, nearest the top of the channel. The locations of these three velocities are illustrated in Figure 1 , and the magnitudes of these velocities are reported in the reference frame of the droplet. The asymptotic solutions for the velocities at these three points are shown as the curves in Figure 6 .
When the droplet is very small with respect to the channel depth, it flows down the center of the channel with a velocity that is near that of the surrounding fluid, V max . Because the local fluid velocity and the droplet velocity are matched, very little circulation is driven within the droplet, and V x , V y , and V o all tend to zero as the droplet size approaches zero.
When the diameter of the droplet is larger, the droplet slows with respect to the surrounding fluid, as previously discussed, and a circulation pattern becomes apparent. The positive values of the centerline and side velocities in Figure 6 suggest that there is no circulation in the horizontal z-plane and that the fluid in this plane is flowing forward with respect to the droplet velocity. However, the negative velocity at the top of the droplet suggests that there is a vortex flow pattern in the vertical Beyond the regime where the asymptotic solution is expected to be valid, the simulated results show a departure from the previously observed behavior. At a relative droplet size of approximately 0.9, the centerline velocity begins sharply decreasing with growing droplet size, rather than the increasing behavior seen in smaller droplets. The divergence of the centerline and side velocities suggests that the sides of larger droplets are now experiencing even more shear and a vortex pattern is setting up in the z-plane. This is understandable because as the droplet nears the size of the channel it begins to slow with respect to the velocity of the outer fluid (shown in Figure 5 ). The continuous fluid cannot easily flow over the top of a slow droplet due to the confining walls, so instead the fluid must flow around the sides of the droplet. If the side velocity grows more and more positive, mass conservation requires that additional fluid must move towards the rear of the droplet, leading to a reversal of the direction of the flow along the centerline. As the droplets keep getting larger, one could extrapolate these results to predict that the centerline velocity would go negative, setting up a vortical flow in the horizontal z-plane and removing the vortical flow in the vertical y-plane. This prediction is shown to be consistent with the experimental results for droplets larger than the channel height.
The experimental setup allows only motion in the horizontal z-plane to be imaged. Unfortunately, the light scattering at the curved liquid-liquid interface interferes with the visualization of the particles at the edges of the droplet, making the side velocity (v Y ) and the top velocity, (v z ) difficult to observe. Therefore, only the centerline velocity (v o ) could be measured. This centerline velocity is plotted with respect to the droplet speed in Figure 7 along with the simulated and analytical results.
When the droplets are small (D/h ≈ 0.5) and moving with a velocity near to the maximum velocity of the fluid (1 > V d /V max > 0.8), the expected circulation pattern is observed where all streamlines at the center of the droplet either flow at the same velocity as the droplet or flow towards the front of the droplet (Figure 1) . The velocity of this fluid is less than is predicted through simulations, perhaps because of slip at the liquid-liquid interface due to surfactant introduced with the latex particles used to track the fluid.
When the droplets become larger than 0.6 times the channel depth, a vortex is experimentally observed in the horizontal z-plane at the center of the droplet. different planes ranging from near the wall to the center in the reference frame of the droplet. Close to the wall, streamlines are dominated by shear from the top of the channel and all tracer particles move opposite the direction of the droplet movement. In the plane near the droplet center, the continuous fluid is much faster than the droplet. This fluid drags the droplet fluid at the liquid-liquid interface forward, in the direction of the droplet motion. The fluid returns down the droplet center. The threedimensional fountain flow is drawn in a schematic in Figure 9 . Note the differences between this vortex pattern and the pattern illustrated in Figure 1 . This horizontal vortex regime provides an intermediate state between the vertical vortex seen in the limit of small droplets and the anchored droplet case of Lee et al. 15 . As the droplet becomes larger, it moves more slowly in the flow and the continuous fluid at the channel centerline exerts a substantial shear on the droplet interface. In fact, in most of the cases that were experimentally observed, the droplet is moving slow with respect to the continuous fluid, V d /V max < 0.5. The consequence is that in large droplets the z-plane experiences the greatest amount of shear and a horizontal vortex develops, very much like the anchored droplet example. If there is a vortex in the vertical y-plane, its existence cannot be determined using the current experimental setup. The circulation data from the experiments, simulations, and asymptotic theory are brought together in Figure 7 , where the centerline velocity is shown as a function of the drop velocity, both scaled by the continuous fluid velocity. These data show that the qualitative nature of the circulation pattern is governed not primarily by the size of the drops, but by the speed of those drops relative to the continuous fluid velocity. When the droplet is moving fast, the vortex appears in the vertical plane, signified by V 0 > 0. Conversely, when the droplet is moving slowly, the vortex appears in the horizontal plane, marked by V 0 < 0. Quantitative differences between simulations and experiments can be attributed to the presence of surfactant in the experiments, which affects the interface mobility.
The experimental and simulation results can be combined to identify three distinct regimes of droplet circulation. When droplets are very small, the centerline velocity is positive, leading to a vortex in the y plane, and the strength of that flow increases with decreasing droplet velocity (increasing droplet size). However, when the droplet velocity decreases (due to an increase in the droplet size), a second regime of decreasing circulation strength is observed. Finally, when the droplet velocity is less than half of the maximum channel velocity, the direction of the centerline flow reverses, signaling the setup of a vortex in the horizontal plane. It is this vortex that is most often observed experimentally. The simulations are used to span a droplet size regime that is inaccessible experimentally due to the available microfluidic chip dimensions.
Effects of large molecules
In order to demonstrate that the microfluidic device is useful for studying liquid-liquid extraction on a droplet scale, circulation patterns were measured for aqueous droplets in dodecane and also aqueous droplets in dodecane containing 0.1 M TBP and 0.2 M HTTA. Both TBP and HTTA are large molecules that are used as extraction agents in centrifugal contactors for nuclear waste reprocessing, 37 and there was a question that these large species could immobilize the liquidliquid interface. 26 The droplet size was approximately 0.8 mm, and the continuous fluid was 2 and 4 ml/h.
The observed circulation velocities for the two cases are shown in Figure 10 . No noticeable difference was seen in the droplet flow or droplet velocities, indicating that within the ability of the technique to measure their effects, TBP and HTTA are not substantially influencing the interface. Because the interface is mobile, the circulation pattern that develops within the droplet significantly aids in the mass transfer to and from the droplet. 
CONCLUSIONS
In this paper, flow patterns of a droplet in a confined rectangular geometry were observed experimentally using a flow-focusing microfluidic device. The flow patterns were also predicted using finite element simulations.
We found that the speed of droplets moving in a rectangular Poiseuille flow is strongly dependent on the size of the droplets. Droplets that are small relative to the channel depth move with nearly the maximum channel velocity. The droplet velocity decreases as the droplet size increases, with the droplet slowing drastically as its diameter nears the depth of the channel. Droplets that are larger than the channel depth move with roughly one-third of the maximum channel velocity.
Because of the disparity between the velocity of the continuous fluid and the droplet fluid, a fountain flow arises in the droplet. For droplets that are moving fast relative to the channel velocity, a vortex appears in the vertical plane of the droplet. However, if the droplet is moving slow compared to the channel velocity, shear forces on the side of the droplet create a vortex in the horizontal plane. These vortices were characterized both experimentally and with simulations.
This study shows that there are three distinct regimes of flow, one for droplets that are much smaller than the channel depth, one as the droplet size approaches the depth of the channel, and finally one where the droplet is much bigger than the channel. Characterizing these flow fields are key to understanding the mass transport of a solute between the two liquid phases in the same geometry, a topic of future investigation.
